ON THE DIMENSIONS OF CERTAIN SPACES
OF HOMEOMORPHISMS(")

BY
BEVERLY L. BRECHNER(?)

1. Preliminaries.

INTRODUCTION. This paper studies the dimensions of the groups of all homeo-
morphisms of certain metric continua. It is divided into the following (overlapping)
parts:

~§2: Continua with nonzero dimensional groups of homeomorphisms,

§3: Applications of Theorem 2.1,

§4: 1-dimensional continua,

§5: Continua with finite, positive dimensional groups of homeomorphisms.

In §2, we establish sufficient conditions for the group of all homeomorphisms
of a continuum to be nonzero dimensional, and thus obtain a large class of con-
tinua with this property—the (to be defined) locally setwise homogeneous continua.

It is well known and easy to show (see Theorem 1.1) that the group of homeo-
morphisms of an arcis co-dimensional. The component of the identity in this case
is large. However it is not hard to show that the groups of all homeomorphisms
of the universal plane curve and universal curve are totally disconnected. It there-
fore seems likely that they are zero-dimensional. In fact, such a result was an-
nounced (erroneously) by R. D. Anderson [1], who called it to my attention and
suggested the general problem of this paper to me. His argument was for total
disconnectivity instead of 0-dimensionality and is given in Theorem 1.2. However,
corollaries of our main theorem of §2 show that each of these groups is at least
1-dimensional.

In §3 the above corollaries are obtained, as well as an interesting corollary of
the proof of Theorem 2.1. This corollary asserts that the group of those homeo-
morphisms of S”, n > 1, which carry a fixed, countable, dense subset of S” onto
itself, is at least 1-dimensional.

In §4, we investigate the 1-dimensional continua. Our main result asserts that
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regular curves may have zero or infinite dimensional groups of homeomorphisms,
and only these, while rational curves may have finite, positive dimensional groups.

Finally in §5, we construct, for each positive integer n, examples of continua
M, whose full groups of homeomorphisms are totally disconnected, abelian,
and homeomorphic to the product of n 1-dimensional groups. Thus
1 £ dim G(M,) £ n. In particular, for n = 1, G(M,) is exactly 1-dimensional.
The continua M, may be constructed as rational curves.

The above results suggest many other questions, which are raised, but unan-
swered, in this paper.

DEFINITIONS AND CONVENTIONS. All spaces are separable metric.

If X is a compact, metric space, G(X) (or G when no confusion arises) will denote
the group of all homeomorphisms of X. H or H(X) will denote a subgroup of G.

The metric on X will be denoted by d, and d(x, y) denotes the distance between
x and y.

The metric in G(X) will also be denoted by d. We define the metric in G(X) as
follows(3):

for g, he G(X),  d(g, h) = lub {d(g(x), h(x))}.
xeX

If % is a collection of sets * denotes the union of the elements of %. If ¥ is
also a collection of sets, ¥ is said to refine % if each element of ¥ is a subset
of some element of . ¥ is called a closed refinement of % if the closure of
each element of 7~ is a subset of some element of #%. Mesh of % means the least
upper bound of the diameters of the elements of %.

C(U) denotes the complement of the set U.

If g is a homeomorphism, g is supported on U means g is the identity on C(U).

In f: X —» X the double headed arrow means f is a function from X onto X.

X° denotes the interior of X.

The dimension of a set X is denoted by ‘“dim X’°. We use inductive dimension
(for separable metric spaces) defined as in [6].

PRELIMINARY THEOREMS.

THEOREM 1.1 (WELL-KNOWN). The group of all homeomorphisms of a compact
n-manifold, M, is infinite dimensional.

Proof. Let {C;}7-, be a sequence of disjoint n cells of M, converging to a point
of M. For each i, 1 £i < 0, let o; be an arc of homeomorphisms of M onto
itself, supported on C;, and denoted by {h; ,:0=< o0 <1/i}. Let H={he G(M): h is
supported on U{“; 1 Ci, and, for each i, there is an «; such that h | Ci=h;,, | C,}

(3) The following is also a metric for G(X): p(g, h) = d(g, k) + d(g~1, h~1), where d denotes
the metric defined above. Then p is a complete metric for G(X) and is equivalent to d. However,
we prefer to use the metric d, since it is intuitively easier to understand.

It is well known that G(X) is separable.
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Then H is homeomorphic to a Hilbert cube, since each element he H can be
identified with an infinite sequence (hy 4,05 4, "5 By, ans -++) Where o, € [0, 1/n].
Therefore H, and thus G(M), is infinite dimensional.

THeoOREM 1.2 (R. D. ANDERSON). The group of homeomorphisms, G, of the
universal plane curve, M, is totally disconnected.

Procf(*). We will show that any pair of elements of G can be separated; that is,
given g, he G, there exist two mutually separate sets A and B such that ge 4,
heB,and AU B = G. We first note that M can be thought of as a circle C, plus
its interior in E?, with the interiors of a countable dense set of pairwise disjoint
circles, {C;}7-,, removed, where each C; is in the interior of C,, diam C; — 0, and
no C; is a subset of any C,”. This follows from the main result of [3].

Let gy, ho€ G, go # ho. We shall show that there exists an n, such that
ho(Cyy) N 8o(Cpp) = ¢. There exists a point x such that hy(x) # g (x). Let
V, W be disjoint neighborhoods of hy(x) and go(x), respectively. Then
U = hg '(V) N g5 ' (W) is a neighborhood of x whose images under h, and g,
respectively, are disjoint. Since in=1 C; is dense, and diam C; — 0, there is an
integer n, such that C,, = U, and we have ho(C,,) N g(C,,) = ¢.

Let A = {heG:h(C,) = h(C,)} and let B = G — A. Then h € A4, g,e B, and
A UB=0G.

We will show that 4 and B are mutually separate, by showing that there is a
& > 0 such that d(4, B) = J. Let 6 be the diameter of hy(C,,), and let h, be any
element of A4, and let g, be any element of B. Since k,(C,,) and g,(C,,) are 2 dis-
joint circles in E2, neither containing the other, there exists a straight line L in E2
separating them. (We can obtain L by first constructing the line L' joining the
centers a and b of h,(C,,) and g,(C,,), respectively, and then constructing the
line L perpendicular to L', with L going through the midpoint of the smallest
segment of [a, b] which joins h,(C,,) and g,(C,,).) We note that h,(C,;) = ho(C,,).

Now let y be the point of L’ N hy(C,,) which is farther from L. Then y = h,(x)
for some x in C,,. Since g,(x)e g,(C,,), and therefore on the other side of L,
d(h,(x), g,(x)) > . Therefore d(h,, g,) > 6. We have thus shown that the distance
between any element of 4 and any element of B is greater than 6. It follows
that d(4, B) = 6.

THEOREM 1.3 (R. D. ANDERSON). The group of all homeomorphisms of the
universal curve N is totally disconnected.

Proof. (See §3 for the definitions of universal plane curve and universal curve.)

We leave it to the reader to supply definitions for essential and inessential
wrapping used in the proof below.

Let hy be any homeomorphism of N onto itself, hy # e. Let x be a point of
N> hy(x) # x. If we project x and hy(x) onto each of the faces of N, they must

(4) This proof was outlined to me by R. D. Anderson.
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be distinct on at least one face, F. F is a universal plane curve. Let U be a neigh-
borhood of x such that (1) z(U) Nrnhy(U) = ¢ and 2) F — n(U) and F — zhy(U)
are each connected, where = is the projection of N onto F. Let 4 bea ‘‘boundary’’
square in m(U) for which there exists a simple closed curve B in U such that (1)
n(B) = A and (2) 7 is 1-1 on B.

Let C be the unit circle in E, and let g: C —» B be any homeomorphism. Since
hog: C - ho(U) is a homeomorphism, hog(C) wraps around A inessentially,
because 7hg(C) does. Thus hy(B) does, also.

Let G, = {he G(N) l nh(B) wraps around A essentially}. Let G, = G(N) — G,.
Then ee Gy, hyeG,, and G(N) = G, U G,. G, and G, are each closed. [To see
this, we may use Example VI 8, p. 85 of Hurewicz and Wallman’s Dimension
Theory, to get the limit map of a sequence of essential (or inessential) maps to be
essential (or inessential).] Thus G, and G, are mutually separate, and provide a
separation of h, from e.

Since G(N) is a group, it follows that any pair of homeomorphisms can be
separated. Thus G(N) is totally disconnected.

2. Continua with nonzero dimensional groups of homeomorphisms. In this
section we establish sufficient conditions for continua to have nonzero dimensional
groups of homeomorphisms. Our main result of this section is the following:
Let X be a locally setwise homogeneous(®) continuum. Then G(X) is at least
1-dimensional.

Among the continua which are locally setwise homogeneous(®) are the universal
plane curve(”), universal curve(®), and compact manifolds of all positive dimen-
sions. Thus the groups of all homeomorphisms of these continua are at least
one dimensional. However, it is easy to show (see Theorem 1.1) that the groups
of all homeomorphisms of the manifolds are infinite dimensional. By methods
similar to those used in the proof of Theorem 1.1, we see that the groups of homeo-
morphisms of the universal plane curve and universal curve contain infinite
products of nonzero dimensional sets, and are quite possibly infinite dimensional.
However, we have not been able to determine precisely the dimensions of these sets.

As a corollary of the proof of the above theorem, it also follows that if H is
the group of those homeomorphisms of a compact n-manifold, n > 1, which
carry a countable dense subset of the interior of the manifold onto itself, then
H is at least 1-dimensional.

We note that, in §5, we will use a very much simplified version of the proof of
Theorem 2.1 to show nonzero dimensionality for the groups of homeomorphisms
of the examples of that section, specifically in Theorem 5.1.

(5) See below for definition.
(6) Ibid.

(7) See §3 for definition.

(8) Ibid.
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DEFINITION 2.1. A chain of open sets %: U,, -+, U, is a finite, ordered set of
open sets such that

M) UNU; #¢iff|i—j| =1,

Q@ UNnT#¢if U,NU; # ¢, and

(3) U; ¢ U; for any pair i, j.

The elements of the chain are called its links.

A subset of % will be called a subchain if its elements form a chain with the
order inherited from %.

A chain whose links are of diameter < ¢ is called an e-chain.

DEFINITION 2.2, Let %: Uy, -+, U, be a chain of open sets. Then a set A={a;}; -,
is called a chain set for % if

(1) age Uy — Uy,

2) ,eU;NU;yq,for1 £i<n—1,and

3) a,eU,-U,_,.

DEeFINITION 2.3. Let X be a continuum, and let : U, ---, U, be a chain of
connected open sets of X. Then a chain ¥": V,, ---, ¥,, of connected open sets
of X is called a straight refinement of % if

(1) there exists a chain set A = {a;}/-, for % such that

(a) ¥ is a minimal chain from a, to a, with ag,e V; and a,€eV,,

(b) ¥°* contains A4,

(©) ‘/73_& < U; where ¥7; is the shortest subchain of ¥~ from a;_, to a; and,
(d) each g; is an element of the intersection of 2 links of ¥ and

(2) exactly one link of ¥”; meets the boundary of U,,,.

A is called an associated chain set for {«, V'}.

Notke 1. (c) of (1) implies that ¥ is a closed refinement of #.

No1E 2. The chain ¥ in reverse order need not be a straight refinement of the
chain % in reverse order.

DEFINITION 2.4. The chain ¥ is called a uniform refinement of the chain % if

(1) 7 is a straight refinement of % and

(2) if k; denotes the number of links in ¥7; (of definition 3.1.c), then k; = k
for1<i,j=<n.

The chain ¥7; is called the ith uniform subchain of ¥". (We note that ¥”; depends
on the associated chain set for {#, ¥"} chosen, only if ¥~ is not a uniform re-
finement.)

DEerINITION 2.5. Let X be a continuum, %: Uy, -+, U, be a chain of connected
open sets of X. A homeomorphism h of X onto itself, h supported on %*, is called
a pseudo translation of k units on % if there exists a chain set 4 = {a;};-, for
% such that

h(ai) = ai+k, fOl‘ 0 _S_ i é n— k,

M

h(a) € U, for i >n—k,
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_ itk _ _
h(U‘)c[( U Uj)“ i—z]a for1sisn-—k,
2) L j=i-1
h(ﬁl)c [ ( U Uj) _Ui_z], for i > n — k.
Jjzi—1 .

A is called a chain set for % associated with h.
For any ¢ > 0, we call h an s-pseudo translation if (2) can be strengthened to:

@*) W) < [(i(j Uf) VN ] for 1Si<n-—k;

nU)c [( ,LgJ. (7,-) UN,,(U,-)], for i >n—k,

where N (U,) denotes the ¢-neighborhood of U,.

DEerINITION 2.6. Let X be a continuum,and let #: U, ---, U, be a chain of con-
nected open sets of X. Then a homeomorphism h of X onto itself, h supported
on %*, is called a sliding homeomorphism of k units on % if there exists a chain
2:D,,:-,D,_, of connected open sets such that

(1) Dy < Ujyps

(@ h~Y(D) < U, and
itk

ji=i—-1

h(Ui)C[( l_jj) —U,-_z], for1ign—-k;

3)
h(U,)C[( U Uj)_Ui—Z]’ fori>n"'k.
jzi—-1
2 is called an associated chain for h.
For any ¢ > 0, we call h an e-sliding homeomorphism of k units on % if (3)
can be strengthened to:

i+k
LUATS [( U U,-) U N(U) ] for 1Si<n-—k;
(3*) j=i

WUy < [(JL;J U,.) UN,,(Ui)], for i > n—k,

where N,(U,) denotes the e-neighborhood of U,.

We call h a weak sliding homeomorphism if it satisfies condition (3) above,
but not necessarily (1) and (2).

DErINITION 2.7. Let X be a continuum, and let H be a subgroup of G(X). Then
X is called locally setwise homogeneous under H if there exist both a basis, &, of
connected open subsets of X, and also a dense subset, B, of X such that for any
element E of &, and any 2 points a and b of B N E, there exists a homeomorphism
he H, h supported on E, such that h(a) = b.
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If X is locally setwise homogeneous under G(X), then X is called locally setwise
homogeneous.

We will call {X, &, B, H} a locally setwise homogeneous structure.

REMARK. A locally setwise homogeneous continuum must be locally connected.

NortaTioN: If €: C,, -+, C, is a chain of subsets of X, then h(%) will represent
the chain of subsets of X whose links are the sets h(C,),1 < i < n.

LeEMMA 2.1. Let X be a locally connected continuum, and let %:U,,---, U
be a chain of connected open sets of X. Then for each ¢ > 0, there exists an -
chain ¥ which is a straight refinement of %. The elements of ¥ can be chosen
from any given basis of connected open sets of X.

Proof. Standard.

LeMMA 2.2. Let X be a locally connected continuum, and let %: U, ---, U,

be a chain of connected open sets of X. Then for each ¢ > 0, there exists a uni-
Jorm e-refinement W~ of %.

Proof. Let 6 = min,{d(U,, U;,,)} and let y < min {d/3,¢}. By Lemma 2.1,
there exists a y-chain ¥~ which is a straight refinement of #. Let 4 = {a;}]-,
be an associated chain set for {#, ¥"}.

Let k; be the number of links in ¥7;, the ith subchain of 77, and let k=max{k;}.
We will modify 7" to a chain #~ which has the property that, for all i, the number
of links in #7; is k.

For each i for which ¥7; contains less than k links, we choose a link ¥}, such
that ¥, < U, but ¥, NU;=¢ for j#i. Let a=min{d(V;_,,V;s()}. Let
k' = max{k — k;}, and let b;e V,_, NV, and b;e V,, N V, ;. Let &, be a chain
of connected open sets from b; to b; of mesh < a/k’, whose closures are in V..
Let €; be the subchain of %; from the last link of €; which meets ¥, _, to the
first link of %, which meets V; , ;. Then €; contains at least k’ + 1 elements. Next,
we modify €/ to a chain €; whose links are obtained from €, by taking, as one
link, the union of all but the first k — k; links, and by taking the first k — k; links
of €/ as links of €; also. Then let #7; be the chain consisting of all links of ¥,
except V,, which is to be replaced by €,”. Then #7; has exactly k links. Let #” be
the chain consisting of the collection of links of the #7;’s. Then #” is the desired
chain.

Lemma 2.3. Let {X,&,B,H} be a locally setwise homogeneous structure,
let%:Uy,---,U, be a chain of connected open sets of X, and let ¢ > 0. T hen for
each integer k, 1 < k < n, there exists an e-pseudo translation in H of k units
on%.

Proof. Let 6 = min,{d(U;, U;,,),¢}. Let ¥~ be a straight refinement of % of
mesh < d/n and whose links are elements of &. By Lemma 2.1, ¥~ exists. Let
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A = {a;}}-o be a chain set for {#, 7"}, with 4 < B. (Since B is dense and the
a;’s are chosen in open sets, we can get A < B.)

Let ¥7;: V, 1, -+, Vi, be the shortest subchain of ¥~ from a;_, to a; in U;. For
each i, 1 =i < n,letg;, be a homeomorphism supported onV; ;,¢; ; € H, and
carrying a;_ to some point of V; ,. We define ¢, ; for 1<j<k; inductively by: ¢; ;
is a homeomorphism € H supported on V; ; and carrying ¢; ;1" - * ¢; 2¢; 1(a;—-1)
to some point of V; ;, . For j = k;, ¢, ;€ H is supported on V; ; and

i, {(Bij-r 0 ¢i1(a;-1) = a;.

Now let h; = ¢; 5,y - ==+ - ¢;; where V,, is the first link of 7”; meeting
Uipr, for 1Si<mn, and let h, =¢np, =+ Gp2Pui- Let &=, - his,
for 1<i<n. Let h=]]!Z{g]]=1h: Then h is a é/n-pseudo translation of 1
unit in H. Further, for this h, h* is a [ké/n (< &)] pseudo translation of k units
on %, since by this choice of h;, no point can be moved back more than 1 link of 7".

LEMMA 2.4. Let X be a locally setwise homogeneous continuum, %: U ,---,U,
be a chain of connected open sets of X, and h be a pseudo translation of k units
on %. Then there exists a chain 2:D,,---,D,_;, of connected open sets of X
such that (1) D, < U; and (2) h(D;) = U, 4. Thus it follows that the chain h(2D)
satisfies the following conditions: (1) h(D,) < U;,, and (2) h™'(h(D,)) < U;;
that is, h is a sliding homeomorphism of k units on %.

Proof. Let A = {a;}}_, be a chain set for % associated with h. For i such that
1Zisn—k,let

k-1
C;=U0nht [ ( U UH,.) - UHk] .

j==1
Then C; is a closed subset of X and C/= C; N U; is a closed subset of U,;. Let
D;=U;—C;. Then D! is an open subset of U; and therefore of X, and
h(D}) = U;,,. We note that D; contains both a;_, and a;. Further, C; cannot
separate a;_, from a;, for if it did, then h(C;) would separate (h(a;_ ) from h(a;)—
that is, a;4;_; from a;,,. But h(C;) N U,,, = ¢. This is a contradiction. Let D;
be the component of D; which contains both a;_; and a;. Then D;< U; and
h(D)) < Uy 4.

LeMMA 2.5. Let {X,&,B,H} be a locally setwise homogeneous structure,
and let %:U,,---,U, be a chain of connected open sets of X of mesh <e¢. Let
h be a sliding homeomorphism of k units on %, and let 2:D,,--+,D,_, be an
associated chain for h; that is, (1) D;< U, and (2) h~'(D;)< U,. Let ¢ be a
8-sliding homeomorphism of 1 unit on 9, where 26 is less than min;{d(U,_,,
h(O) v U)}, and ¢ is constructed as h is constructed in Lemma 2.3. Then

(1) ¢h is a sliding homeomorphism of k + 1 units on %, and

(2) d(h,¢h) < 3e.
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Proof. (1) Let 6: E,,---,E,_4-, be an associated chain for ¢. Then & is also
an associated chain for ¢h.
(2) Clear.

LEMMA 2.6. Let X be a continuum, and let h be a sliding homeomorphism
of kunitsona chain%: U,,---,U, of connectecd open sets of X. Let Z: D,,---,D,,_y,
be an associated chain for h. Let 2¢=min;;;{d(U;-,, h(U)L U)}. Let
Y Vi, Voo a-ry be a uniform refinement of 2 of mesh <e, and let ¢ be a
sliding homeomorphism of s units on ¥". Then ¢h is a sliding homeomorphism
of k+ 1 units on %.

Proof. Let £: E,, -+, E;. (,—4-1, be an associated chain for ¢. We form a new
chain &#:F,, -, F,_;-.; by an amalgamation process from &, by letting
F,= U};‘[,.(,-_ 11+1E;. Then F;c U4y and & is an associated chain for
¢h. This is easy to see since ¢ '(F) < D, « U;,, and therefore
h~(¢~'(F)) < h™'(D,) < U,; thatis, (¢h) " '(F;) = U,. Itisalso clear that

s0)< | ('U 0,)- 0.2

j=i-1
Thus ¢h is a sliding homeomorphism of k + 1 units on %.

LemMA 2.7. Let X be a continuum, and let %: U,,---,U, be a chain of con-
nected open subsets of X of mesh <e¢. Then if h is any homeomorphism of X
onto itself, and ¢ is a homeomorphism supported on %* such that

dU) = (Ui-1 VU; U Uyy),
then d(h,ph) < 3e.
Proof. Clear.

LEMMA 2.8. Let X be a continuum, let {¢,};~, be a decreasing sequence of
positive numbers such that X, exists, and let {s,}n=1,{ts}nz2, and {k,}y=1
be sequences of integers. Also let {€,}n— 1, {Pn}n=1, and {h,},% be sequences such
that

(1) %,:C,1,-+, C,,, is an g,-chain of s, connected open sets, where
&, < min {g,, min; {d(C,- 1 ;-2,Co-1,)}}, and &y = ¢y,

(2) €,+, is a uniform refinement of a subchain of €,, with t,,, elements of
©n+1 in each element of €,

) forn=2, ¢,_, is a sliding homeomorphism of k, units on €,, where k, < t,
and thus is a weak sliding homeomorphism of 1 unit on €,_,,

(4) h, is a sliding homeomorphism of k, units on €,, and for nz2,
hn = ¢n—1h:—1’

(5) h;X(%F) has mesh < ¢,, for n =2, and

©6) ¢,24(%F.1,) = Cyy, for 1S i<s, —k,, where €,.1,, is the ith uniform
subchainiof €, .
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Then (1) {h,} is Cauchy and
(2) the limit map h is a homeomorphism of X onto itself.

Proof. To show that {h,} is Cauchy, we note that h, = ¢,_,h,_, where ¢,_,
is supported on %, and is a weak sliding homeomorphism of 1 unit on %,_,. By
Lemma 2.7, d(h,-,,¢,-.h,—1)<3e,-,, and as h,=¢,_,h,—;, we have
d(h,-1,h,) < 3¢,_;. But Xe, < co; therefore {h,} is Cauchy. Since this is a Cauchy
sequence of homeomorphisms of a compact space, {h,} has a limit map k [6, p. 56].
We note that h is the infinite product -+ ¢3¢, ¢, h;.

We show that h is onto. Let x, € X, and let a, = h, '(x,). We assume that {a,}
converges to some point a of X; (if not, we choose a convergent subsequence).
Then h,(a,) = x,. We show that h(a) = x,, also. Let y;— 0. Since h, — h, for each
y; there exists an integer n; such that d(h,,, h) < y;. Therefore d(h,(a,), h(a,)) <7:;
that is, d(xo,h(a,,)) <y;. But this means that h(a,)— x,. Now {a,} is a sub-
sequence of {a,}. Therefore a,, » a. By the continuity of h, h(a,,) — h(a). It follows
that x, = h(a). Therefore h is onto.

To show that h is a homeomorphism, it is sufficient, since X is compact, to
show that h is 1-1.

We first observe that (), %,*is an arc [7, p. 84], or a point. We then note that h
carries (), h,_1(%,) (= ans Y(%¥)) onto ()»€*. This is true since for each n
and each m > n, h,,, as well as h,, carries h, (¢¥) onto €. Thus h also carries

h, }(€¥) onto %*. It follows that h carries (nha l(%"‘) onto (),%x, and as
i@ = M2, B @] = (1,62

We next observe that if x, ¢n h, L (€¥) then h(xo) is determined at a finite
stage. For there exists an integer N such that x,¢hy',(x). Therefore
hy—1(xo)¢%x. But h=@hy_, where ¢ is supported on %y. Thus h(x,)
= hy_(Xo) = hy(xo) for all n> N —1, and h(x,) is determined at a finite
stage.

Now, to show that h is 1-1, we consider 3 cases. If x # y, x, y¢ﬂnh;31(‘€:),
then by the above comments, h(x) and h(y) are determined at finite stages; that is,
there exist integers M, N such that h(x) = hy(x) = h,(x) for m > M, and
h(y) = hy(y) = h,(y) for n> N. Let R =max{M,N}. Then hg(x)= h(x) and
hg(¥) = h(y). Since hg is a homeomorphism, hg(x) # hg(y); that is, h(x) # h(y).

If x# y, x¢ﬂ h, ' (€¥) and yeﬂ (%), then by the above comments
h(x) ¢(\a%s, but h(y) e (+%x - So again, h(x) # h(y).

Finally, 1f X#Yy, X, ¥ eﬂ h; 1 (€*), let 8 =d(x,y). Since for each n, the
mesh of h,_'(%,) < ,, and ¢, — 0, there is an N such that x and y are separated
by at least 8 elements of hy' ;(%y). Therefore hy_,(x) and hy_,(y) are separated
by at least 8 elements of €y. Now hy is ¢y_1hy_, Where ¢y_, is a sliding homeo-
morphism of ky units on %y and, by (6) ¢y2,(€xy+1,) < Cy,; Further,
N - 1(hy—1(x)) and @y _(hy_ () are both in €y, ; that is, hy(x) and hy(y) are in
%p+1- Thus hy_(x) and hy_,(y) must each be carried at least ky — 1 units of €y
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to the right and at most ky + 1 units of €y to the right. Thus hy(x) and hy(y) are
separated by at least 6 elements of %y.

Now h = ¢hy where ¢ is supported on %5, and is a weak sliding homeo-
morphism of at most 2 units on €. This is true since ¢ = - Py 4 2Py + 1 Py, Where
¢, is a weak sliding homeomorphism of 1 unit on %,. Thus ¢y can carry hy(x)
at most one element of €y to the right. Now ¢y .., can carry ¢n(hy(x)) at most two
units of €y, to the right but no more than one more unit of %y to the right.
Similarly ¢y, can carry ¢y ,(dn(hy(x))) at most two units of €y, to the right
and add at most ‘“‘one-half unit’’ of €y to the right. In general, ¢y, ; will move
Gn+j—1° Pyhy(x) at most 1/2971 of a unit of Gy to the right. Thus, in the limit,
¢ can move hy(x) at most three units to the right. Similarly ¢ can move hy(y) at
most two units to the left. Thus ¢hy(x) and ¢hy(y) are separated by at least one
element of %y, and therefore h(x) # h(y).

Therefore h is 1-1, and thus a homeomorphism of X onto itself.

THEOREM 2.1. Let X be a continuum which is locally setwise homogeneous
under the closed subgroup H of G. Then H is at least 1-dimensional.

Proof. We will show that for sufficiently small ¢ > 0, every neighborhood U of
the identity has a point h € H on its boundary. We do this by obtaining a sequence
of pairs of homeomorphisms of H, {h,, g,}, such that

(1) h,eU, g,eC(U),

) d(h,, g, < 3e,, ¢,— 0, and

(3) {h,} satisfies the conditions of Lemma 2.8.

Then

(1) {h,} is Cauchy,

(2) the limit map h is a homeomorphism, and

(3) heBdU.

Since H is closed, h € H, and therefore H is at least 1-dimensional.

Let g be any homeomorphism of X onto itself, g # e. Let x, be a point of X
such that g(x,) # x,, and let ¢ = d(x,, g(x,)). Let U be a neighborhood of the
identity such that diam U < ¢/3. We will show that H N Bd U # ¢.

Let {¢,},2 be a decreasing sequence of positive numbers such that (1) ¢, < ¢/3
and (2) X,¢, < . Let €;: C; 4,C 5, -, C; 4, beaneg,-chain of connected open
sets of X from x, to g(x,), and let s, be the number of links of €. Let h; be a
sliding homeomorphism in H of the largest possible number of units (k,) on €,
such that h, e U. (We observe that k; < s; — 2, for any sliding homeomorphism
of s; — 2 units moves some point of C, ; to some point of C, ; , and there-
fore is of distance more than ¢/3 from the identity. Thus such a homeo-
morphism is in C(U).) Since h, is a sliding homeomorphism of k; units on %,,
there exists a chain 9,: D, ,---,Dy 4, _4,, Whose links are connected open sets
such that
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(1) Dy,i = Cy i4xy,and

) hl-l(Dl,i) <Gy
Let ¥, be a yp,-sliding homeomorphism in H of 1 unit on 2,, where
2y, < min, {d(C, ;-2, h(C, ;) U.C)}, constructed as in Lemma 2.5. Then y,h,
is a sliding homeomorphism of k; + 1 units on %, and thus is in C(U). Let
g1 =VY,h;. By Lemma 2.7, d(h;,g,) <3¢,. Then h,eU, g,€C(U), and
d(hy, g1) < 3e,.

Now &, > 0. By the uniform continuity of k7", there exists a , > 0 such that
hi! takes any set of diameter less than §, to a set of diameter less than ¢,. Let
%,:Cy,q, %, Cy 5, (Where 5, = t, - (s; — k;)) be a chain of connected open sets
of mesh less than min {y,, d,, &,}, which is a uniform refinement of 2,.

Let ¢, be a sliding homeomorphism in H of the largest possible number of
units k, < t, on %, such that ¢k, is an element of U. We note that, by Lemma
2.6, if ¢ is a sliding homeomorphism of ¢, units on %, then ¢h, is a sliding homeo-
morphism of k, + 1 units on %,, and therefore must be in C(U). Let h, = ¢, h,.

Since ¢, is a sliding homeomorphism of k, units on %,, there exists a chain
9,:D, 4, -, Dy ,_1,, whose links are connected open sets, such that

(1) Dy < Cy 144, 2and

#)) ¢1_1(D2,i) < Capie
Let , be a y,-sliding homeomorphism in H of 1 unit on 2,, where
2y, < min; {d(C, ;-5, ho(C, ) UC, )} constructed as in Lemma 2.5. Then
¥, @, is a sliding homeomorphism of k, + 1 units on ¥, and thus Y, h; = ¥, h,
isin C(U). Let g, = Y,h,. By Lemma 2.5, d(h,, g,) < 3¢,. Then h, e U, g,e C(U),
and d(h,, g,) < 3e,.

We continue the above process inductively, thus obtaining sequences of integers,
{k,} and {s,}, and sequences {%,}, {¢,}, and {h,} which satisfy the hypotheses of
Lemma 2.8. Then {h,} is Cauchy, and converges to a limit homeomorphism h.
Since d(h,, g,) = 0, g, — h also. Therefore h e Bd U. Since H is closed, and each
h;eH, he H. It follows that H is at least 1-dimensional.

COROLLARY 2.1.1. If X isalocally setwise homogeneous continuum, then G(X)
is at least 1-dimensional.

Proof. Clear.

COROLLARY 2.1.2. Let X be a continuum which contains an open set U whose
closure U is locally setwise homogeneous. Then G(X) is at least 1-dimensional.

Proof. Let G’ be the group of all homeomorphisms of U onto itself, and let H’
be the subgroup of G’ which consists of those homeomorphisms of U onto
itself which are supported on U—that is, which are the identity on U — U. Then
it follows easily that H' is a closed subgroup of G’, and U is locally setwise homo-
geneous under H'. Thus, by Theorem 2.1, H' is at least 1-dimensional.
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Let H(X) be the subgroup of G(X) which consists of those homeomorphisms
of X onto itself which are supported on U. Then H(X) can be identified with H’,
and it follows that H(X), and therefore G(X), is at least 1-dimensional.

QUESTION. Let X be a locally setwise homogeneous continuum. What is the
dimension of G(X)? Must G(X) be infinite dimensional? Can it be of finite positive
dimension?

3. Applications of Theorem 2.1. In this chapter we first show that the universal
plane curve(®) and the universal curve(®) are each locally setwise homogeneous.
Thus it follows, as a corollary of Theorem 2.1, that the groups of all homeomor-
phisms of these continua are at least 1-dimensional.

We next assert that the group, H, of those homeomorphisms of a compact
n-manifold M", n > 1, which carry a countable dense subset of (M ")° onto itself
is at least 1-dimensional. We note in Corollary 2 of Lemma 3.3 that M" is locally
setwise homogeneous under H. However, by Corollary 1 of Lemma 3.3, H is
dense in G(M™). Thus Theorem 2.1 does not apply directly, since the limit homeo-
morphism h, of the sequence of homeomorphisms {h;} of H, may not be in H.
However, in the latter half of this section, we will indicate how the proof of
Theorem 2.1 can be modified so that h must be in H.

DeriNITION 3.1, The standard construction for the universal plane curve is the
following: Let S be a square plus its interior in the plane. Divide S into 9 equal
squares, and remove the interior of the middle ninth. Break each of the remaining
8 squares into 9 equal squares, and remove the interiors of their middle ninths.
Continue the process inductively. The set which remains is a continuum called
the universal plane curve.

This continuum has been characterized by G. T. Whyburn [3] as the only
locally connected, 1-dimensional, plane continuum with no local cut points.

If M is any such continuum imbedded in the plane, then the simple closed
curve which bounds the unbounded complementary domain of M is called the
outer boundary of M and is denoted by C,. The collection of simple closed curves,
different from C,, and which bound complementary domains of M, will be denoted
by {C.}7-,. The points of M not on any complementary bounding simple closed
curve are called its interior points.

DEerINITION 3.2. The standard construction for the universal curve is the follow-
ing: Let F,, F,, and F; be 3 faces of the solid cube C in E3 such that no 2 of
these faces are opposite each other. We remove portions of C by punching out,
to the opposite side, the interiors of the middle ninths of F,, F,, and F;. We next
punch out, to the opposite side, the interiors of the middle ninths of each of the
remaining 8 squares in Fy, F,, and F3, and we continue the process inductively.
The remaining set is a continuum called the universal curve.

This continuum has been characterized by R. D. Anderson, Theorem 12 of [2],

(9) See below for definition.
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as the only locally connected, 1-dimensional continuum with no local cut points,
such that no open subset is imbeddable in the plane.

DErFINITION 3.3. Let M be a separable metric space such that, for some n, each
point of M has a neighborhood whose closure is homeomorphic to an n-cell.
Then M is called a manifold.

LemMMA 3.1. Let M be the universal plane curve. T hen there exists a basis, &,
of connected open sets of M such that the closure of each element of & is homeo-
morphic to the universal plane curve.

Proof. We think of M as having its standard construction in the plane. First
we will decompose M into 4 ‘‘equal’’ subcontinua, which intersect, pairwise,
in Cantor sets or in the empty set. We accomplish this by chopping up M by means
of a vertical and a horizontal line in E? through the midpoints of 2 adjacent sides.
Each of the 4 subcontinua is the closure of an open set and is also a universal
plane curve, whose outer boundary meets both the interior of M and also points
of some of the complementary bounding simple closed curves of M.

We next break up each of the 4 universal plane curves in a similar manner, thus
obtaining 16 ‘‘equal’’ universal plane curves, each of which is the closure of an
open set, and such that the intersection of any two is empty or is a Cantor set.
Continue the process inductively. We observe that the diameters of these sets
have limit 0.

We now enlarge each of these sets slightly, accomplishing this again by means
of vertical and horizontal lines near the lines determining these sets, and inter-
secting M in Cantor sets. Then the collection of interiors of each of these new
sets forms the desired basis.

LeMMA 3.2. Let M be a universal plane curve, and let a and b be interior
points of M. Then there exists an arc N in M, such that N contains a and b, and
N lies in the interior of M, except for its endpoints which are in C,.

Proof. By a theorem of R. L. Moore [7, p. 363] there exists a monotone map
¢ of M onto a disk D, (which we think of as the unit disk in E?), such that the
nondegenerate inverses of M are the elements of {C;}7-;. Let C = |J32, C,, and
let A = ¢(C). Then A is a countable dense subset of the interior of D, and ¢(a)
and ¢(b) are two points of D° — A.

Let P, be a polygonal arc from some point of Bd D to ¢(a), which misses
A U {¢(b)} and which lies, except for one endpoint, in D°. Let P, be a polygonal
arc in D° from ¢(a) to ¢(b) and which misses 4 U P_. Let P, be a polygonal
arc from ¢(b) to some point of Bd D which misses A U P, U P; and which lies,
except for one endpoint, in D% Thus P = P, U P, U P, is a polygonal arc which
lies, except for its endpoints, in D° — A.

Let N = ¢~ !(P). Then N < M, and is the desired arc.
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THEOREM 3.1. The universal plane curve, M, is locally setwise homogeneous.

Proof. Let B be the set of interior points of M. Then B is a dense subset of M.
Let & be the basis of open sets constructed in Lemma 3.1. Let Ec€ &, and let
a, be B N E. We will show that there exists an h € G(M) such that h is supported
on E and h(a) = b.

By Lemma 3.2, there exists an arc N, in E such that N, contains a and b,
and N, lies in the interior of E, except for its endpoints, which are in the outer
boundary of E.

The outer boundary of E, together with N, forms a 6-curve, N.Let N=N, U N,
where N; and N, are simple closed curves such that N, "N, = Ny, and N, is
the outer boundary of the universal plane curve Q,, and N, is the outer boundary
of the universal plane curve Q,.

Let ¢ be any homeomorphism of N onto itself such that ¢ carries a to b and is
the identity on N — N,. We note that ¢ is the identity on the outer boundary of E.
Let ¢, = ¢|N 1> and let ¢2=¢|N 2. By Theorem 1 of [3], there exist extensions
¢7F of ¢, to Q, and @3 of ¢, to Q,. Let h be the homeomorphism of M onto itself
which is the identity outside E, ¢ on Q,, and ¢% on Q,. Then h is a homeo-
morphism of M onto itself, h is supported on E, and h(a) = b. Thus, the universal
plane curve is locally setwise homogeneous.

COROLLARY 3.1.1. The group of all homeomorphisms of the universal plane
curve is at least 1-dimensional.

Proof. This follows immediately from Theorem 2.1 and Theorem 3.1 above.

THEOREM 3.2. The universal curve is locally setwise homogeneous.

Proof. This is just a rewording of a statement given in the proof of Theorem 16
of [2].

CoROLLARY 3.2.1. The group of all homeomorphisms of the universal curve is
at least 1-dimensional.

Proof. This follows immediately from Theorem 2.1 and Theorem 3.2 above.

We next consider the group, H, of those homeomorphisms of a compact
n-manifold, M", n > 1, which carry a countable dense subset, 4 = {a;}7=;
of (M™° onto itself. We indicate how the proof of Theorem 2.1 can be modified
to show that H is at least 1-dimensional.

Modification of proof of Theorem 2.1. We will establish below, in Lemmas
3.3, 3.4, and 3.5, the existence in H of sliding homeomorphisms of k units,
1<k<m, on a chain ¢: C,,---,C,, in M". Thus we may choose the sequences
of sliding homeomorphisms, {h;} and {g;} of Theorem 2.1, to be elements of H.
Since the manifold is of dimension greater than 1, we may further require that €¥
miss a;. Thus ni%,-* misses 4, and the limit homeomorphism, h, carries 4 onto
itself. It follows that h e H, and thus H is nonzero dimensional.
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We now prove the necessary lemmas.

LemMA 3.3. Let U be a connected open subset of a compact manifold, M,
and let A={a;};>, be a countable dense subset of UNMO°. Let h be a
homeomorphism supported on U. Then for each ¢ > 0, there exists a home-
omorphism g supported on U such that d(h,g) < ¢ and g(A) = A.

Proof('®). Let {¢} be a decreasing sequence of positive numbers such that
X¢; <e. Let b, be the first point in the sequence {a;} such that at least one of
h™'(b,) and h(b,) is not in 4. Let U, and V, be disjoint &,-neighborhoods of b,
and h(b,), respectively, whose boundaries miss 4 U h(A4), and each of which
misses a; and h(a;) for each a; which precedes b, in the ordering of 4. Let ¢, be. a
homeomorphism supported on U, and carrying some point of h(4) to b,, if
h™'(b,) is not in A. Otherwise, let ¢, be the identity. Let Y/, be a homeomorphism
supported on V; and carrying h(b,) to some point of A4, if h(b,) is not in A.
Otherwise, let Y/, be the identity. Let g, = ;¢ h. Then d(h, g,) <¢,, and g; '(b,)
and g,(b,) are in A as well as g7 '(a;) and g,(a;) for each g, preceeding b,. The
homeomorphism g, is a first approximation to g.

We again note that g7 '(a;) and g,(a;) are elements of 4 for all a; which precede
b,, as well as for b,. Let b, be the first point in the ordering of 4 such that at least
one of g7 '(b,) and g,(b,) is not in A. Since g; ' is uniformly continuous, there is
a &; > 0 such that g; ' takes any d,-set to a set of diameter < ¢,. Let U, and v,
be two disjoint, connected, open sets of diameter less than min {4,,¢,} and contain-
ing b, and g,(b,) respectively, with the following restrictions:

(1) if bye U, (or V;) then U, < U, (or V),

() if gi(by) € U, (or V}) then ¥, < U, (or V),

(3) if be C(U, UV,) then U, c C(U, U V),), and

@) if g,(b))eC(U, U V) thenV, <= C(U, U V)).

We also require that Bd U, and Bd ¥V, miss 4 U g,(A4) (a countable set) and that
U, and V), each miss all the (finitely many) points a; and h(a;) for a; preceding b,.
Let ¢, be a homeomorphism supported on U, and carrying some point of g,(4) to
b,, if g7 '(by) is mot in A; let Y, be a homeomorphism supported on ¥, and
carrying g,(b,) to some point of A4, if g,(b,) is not in 4. Let g, =, ¢,g,. Then
d(g,,82) < €3, and g7 '(b,) and g,(b,) are in 4, as well as g5 (a;) and g2(a;) for all
a; preceding b,.

We continue the above process inductively, with the following additional
restriction: we require that U, and ¥, be entirely contained in any U, or V,, i < n,
which it meets. Thus we obtain a sequence of homeomorphisms, {g;}, such that
d(gi-1, 8) < &. Since Xe¢; < o0, {g;} is Cauchy, and thus converges to a map g.
We will show that g is 1-1, and therefore a homeomorphism.

Let x # y, and let 6 = d(x, y). There exists an integer N such that for n > N,

(10) This proof was outlined to me by R. D. Anderson.
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the diameter of g,_,(U,) <& and the diameter of g,*,(V,) < 4. Then not both
g,-1(x) and g,_,(y) can be in the same one of these sets U, or V,. Thus if
go-1(x)e U, (or V,)and g,_ ()¢ U, (or V,), then because of the (partial)l towering
of the U;’s (or V}’s), g(x)e U, (or V,) and g(y)¢ U, (or V,); that is, g(x) # g(»).
If neither g,_(x) nor g,_,(y)isinany U, or ¥, for n > N, then each is determined
at a finite stage; that is, g(x) = gy(x) and g(y) = gy(y) for some N, and since gy
is a homeomorphism, gy(x) # gn(y). So again we have g(x) # g(y). Thus gis 1-1
and therefore a homeomorphism.

Since d(h,g,) <é&;, and d(g;—.,8) <¢&, it follows that d(h,g) < X¢, <e.
Thus g is the desired homeomorphism.

ReMARK. In the above proof, the sequence {¢;} could have been chosen to be a
decreasing sequence of numbers with &; <e¢, and so that ¢;— 0. The limit map
g would still exist and be the desired homeomorphism.

COROLLARY 3.3.1. The group of those homeomorphisms of a compact manifold,
M, taking a countable dense subset of M° onto itself, is dense in the group of all
homeomorphisms of the manifold.

Proof. Clear.

COROLLARY 3.3.2. Let M be a compact manifold, A be a countable dense
subset of M°, and H be the group of those homeomorphisms of M onto itself,
which carry A onto itself. Then M is locally setwise homogeneous under H.

Proof. Let U be a connected open set in M, let a, be U NA. It is easy to
show that there is a homeomorphism h e G(M) such that h(a) = b, and h is sup-
ported on U. By Lemma 3.3, h can be modified to a homeomorphism g such that g
is supported on U and g(A4) = A. We can insure that g(a) = b, simply by choosing
each of the U;’s and V;’s of Lemma 3.3 so that they miss the point b.

Thus g is a homeomorphism supported on U such that g(a) = b, g(4) = 4,
and ge H. It follows that M is locally setwise homogeneous under H.

REMARK. We observe that if M is a 1-manifold, then H is zero dimensional.
(This is easy to prove.) Thus local setwise homogeneity of a space under a group, H,
is not sufficient to guarantee that H is at least 1-dimensional. Therefore the hypoth-
esis of Theorem 2.1, that H be closed, cannot be omitted without substituting some
other condition to insure that H is at least 1-dimensional.

LEMMA 34. Let €:C,,---,C, be a chain of connected open spheres of the
compact manifold, M, whose boundaries miss a countable dense set A of MPO.
Let h be a sliding homeomorphism of k units on €, let 6 = min,{d(C;_,, h(C))},
and let ¢ < 6. We note that 6 > 0. Then there exists a homeomorphism g such
that d(g,h) <&, g(A) = A, and g is also a sliding homeomorphism of k units
on%.

Proof. Let 2:D,,---,D,_;beachainsothat(1)D;< C;y,and (2) h~Y(D) < C,.
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We may further require that U,.{Bd D;} miss A U h(A), for, if not, we can always
choose a chain & which is a straight refinement of £ and such that the boundary
of each of its links misses AU h(4). Then the chain whose elements are
{&7}1Z% satisfies all these properties.

We construct g as a limit of a sequence {g;}, as in Lemma 3.3, with the
following additional restriction: each U, and 7, is a subset of either 2* or C(2*),
and lies entirely in any C; which it meets. Then d(g,h) <e¢, g(4) = 4, and g is
also a sliding homeomorphism of k units on ¥.

LeEMMA 3.5. Let M be a manifold, let ¢:C,,:--,C, be a chain of connected
open sets of M, and let A be a countable dense subset of M°. Let H be the group of
those homeomorphisms of M which carry A onto itself. Then for each integer
k, 1 £ k £ n, there exists a sliding homeomorphism, h, of k units on €, and such
that he H.

Proof. This follows from Lemma 3.4 above, and Lemma 2.4 of §2, which
asserts the existence of sliding homeomorphisms.

Thus, with the proofs of these lemmas, we have completed (the outline of) the
proof of the following:

THEOREM 3.3. The group of those homeomorphisms of a compact n-manifold,
M", n> 1, which carry a countable dense subset of (M")° onto itself, is at least
1-dimensional.

QuesTioN 1. What is the dimension of the group of homeomorphisms of the
universal plane curve? universal curve?

QuesTION 2. What is the dimension of the group of those homeomorphisms of a
compact n-manifold, n > 1, which carry a countable dense subset of the interior
of the n-manifold onto itself?

4. 1-dimensional continua. In this section we investigate the dimensions of
the groups of homeomorphisms of 1-dimensional continua. It is known and
easy to show (see Theorem 1.1) that the group of homeomorphisms of an arc is
infinite dimensional. On the other hand, there are dendrons and other 1-dimen-
sional continua [8] which admit no homeomorphisms onto themselves, cther
than the identity.

Our main results are the following:

(1) The group of homeomorphisms, G, of a regular curve(*!), M, is either
0-dimensional or infinite dimensional. G is infinite dimensional if M contains a
free arc('?), O-dimensional otherwise.

(11) A regular curve is a continuum in which every point has arbitrarily small neighborhoods
with finite boundaries [5, p. 96]. A regular curve is locally connected [4, p. 99].
(12) A free arc is an arc whose interior is an open subset of the space.
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(2) For each positive integer n, there exists a rational curve(*?), M,, such that
1 £ dim G(M,) =< n, and G(M,) is homeomorphic to the product of n 1-dimension-
al groups.

DerINITION 4.1. Let M be a regular curve, B an order basis(*4) for M. Let
W Wy, -, W,beacover of M of mesh < & with the following properties for each i:

(1) W, is a continuum which is the closure of an open set,

(2) Bd W, is a finite subset of B, and

(3) W, W;=Bd W, N Bd W; for each j # i. Then #  is called a regular
e-cover with respect to B.

LeMMA 4.1. Let M be a regular curve and let B be an order basis for M
which contains all the local cut points of order(®) = 3. Then for each & > 0,
there exists a regular g-cover with respect to B.

Proof. Let % be a finite ¢/3-cover of M whose elements have finite boundaries.
We will modify the cover % to obtain a cover %’, each of whose elements has a
finite boundary in B. Let B’ be the set of boundary points of elements of %. This
is a finite set, and therefore there exists a 6 > 0 such that d(b;, b;) > ¢ for each
pair b, b;e B'. Let be B’ on the boundary of some Ue . If b is also in B, we
leave it alone. If not, there are 2 possibilities: (1) b is not a local cut point, or (2) b is
a local cut point of order 2. In the first case U U {b} is also open, and we add b
to U. In the second case, there exists a neighborhood N, of b of diameter
< min {0, ¢/3} with Bd N, containing at most 2 points in B, since B is an order
basis for M. We add such a neighborhood to U. Thus we have modified each
element of % a finite number of times. We now have a new cover %" of open sets
of diameter < &, each of which has a finite boundary which is a subset of B. We
choose a minimal subcover %’ of %".

Let %’ have the elements U}, Uj, -+-, U,.. Then we obtain a new cover ¥” in the

following way: let

k-1
V1=U1,, Vk=UI:_._1 U; fof k>1.

Then ¥~ has at most m elements. ¥ is a finite cover of M of mesh < ¢ whose
elements are the closures of open sets, and whose boundaries are finite subsets of
B. Let # be the collection of components of the elements of ¥". Since each element

(13) A rational curve is a continuum in which every point has arbitrarily small neighborhoods
with countable boundaries [5, p. 96]. A rational curve need not be locally connected.

(14) B is an order basis for a regular curve M if every point x € M has arbitrarily small
neighborhoods Ux with boundaries in B such that the number of points on Bd Ux is less than
or equal to the order of x [5, p. 277]. (See footnote 15 for definition of “order™.)

(15) The order of a point x of M is the smallest number n for which there exist arbitrarily
small neighborhoods with boundaries consisting of less than or equal to n points, if such exists.
If not, we say the point is of infinite order [5, p. 97-99].
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of 7" has only a finite number of boundry points, and each of these can belong
to at most 1 component of that element, #” is finite. Then #" is the desired cover.

LEMMA 4.2, Let M be a regular curve, b a local cut point of M, and N a
connected neighborhood of b such that N — b= A, U A, where A, and A,
are mutually separate sets. Let S be a sphere about b (the set of all points a
fixed distance from b) such that Sc N and SN A # and SN A, #J.
T hen there exists an arc C from some point of S N A, to some point of S N A,
such that C° is a subset of the “‘interior” of S.

Proof. Standard.

LeMMA 4.3. Let M be a regular curve, U be a connected open subset of M
such that U contains no local cut points of M of order > 2 and such that Bd U
is a finite set of local cut points of M. Then U is a regular curve containing no
local cut points of order > 2 (in U).

Proof. Clear.

LEMMA 4.4. Let M be a regular curve containing no local cut points of order
> 2. Then M is an arc or a simple closed curve.

Proof. It is sufficient to show that every point of M is of order at most two
[5, p. 267]. Let B be a countable dense set of local cut points of order two of M.
We know that B exists by [4, p. 63]. Then B is an order basis for M [5, p. 278].

Suppose there exists a point p’e M of order greater than two. We show that
there then exists a point pe M of order greater than two such that some arc of M
contains p in its interior. Let W be a neighborhood of p’ such that W is connected,
Bd W contains at least three points, and the boundary of each small regular
neighborhood of a boundary point of W contains one point in C(W). Let a, and a,
be two points of Bd W. Let A, be an arc from a, to p’ in W, missing a,. 4, exists
since the boundary of a sufficiently small regular neighborhood of a, must have a
point in C(W), but if A, contained a, in its interior, both boundary points of small
regular neighborhoods of a, would be in W. Similarly, there exists an arc 4, from
a, to p’ in W missing a,. Let p” be the first point of 4, in the order from a, to p’,
which is also on A,. Then p” # a,. If p" = p’, thenlet p = p’, and 4; U A, is the
required arc. If p” precedes p’ on A, then p” is a point of order at least three.
Let p = p”, and A, is the required arc.

Thus we may suppose, by way of contradiction, that there exists a point p of
order greater than two such that some arc S of M contains p in its interior. Let U
be a small regular neighborhood of p such that U is connected, and the boundary
of each small regular neighborhood of a boundary point of U must have one of
its elements in C(U). Let a be a boundary point of U on S, and let A be an arc
from a to pin U such that A — S. Then A must contain local cut points of U and
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therefore of M. For let V be any sufficiently small regular neighborhood of a.
Then Bd V consists of two points, one of which (say g), is in U. Therefore q will
separate a from p in U, and therefore g will be a local cut point of M.

Now, let N be the set of local cut points of M on 4 which separate a from p
in U, and let b be the lub of N in the order from a to p. We will show that b # p
and b = p each lead to a contradiction. Thus, our original assumption that there
is a point of order greater than two in M must be false.

Case 1. Suppose b = p. Let A’ be the arc which is the union of the following
two arcs: 4 and the arc A” from p to some point ¢ on S such that

(1) p is between a and ¢, and

(2) the arc from p to ¢ on S is a subset of U.

There exists a sequence of points {x;} converging to p on A’ such that x; separates
a from p in U. We show that x; separates a from ¢ in U. If there exists an arc Tin
U from a to ¢ missing x;, then T together with the arc from p to c on S is a con-
nected set containing a and p. Thus x; would not separate a from p. This is a
contradiction. Therefore x; must separate a from ¢ in U.

Now p is the lub {x;}, and p precedes c. We show that p also separates a from c
in U. Suppose not. Then there exists an arc Y from a to c in U missing p. Let y be
the last point of YN A in the order from a to p. Then there exists an integer n
such that x, is between y and p. Further x, is not on Y. Thus the portion of Yfrom y
to ¢, together with the portion of A4 from a to y is a connected set containing a and
¢, but missing x,. Thus x, does not separate a from c. This is a contradiction. It
follows that p separates a from c in U.

Therefore p is a local cut point of M. But then p must be of order two. But again,
this is a contradiction, since our original assumption was that p was of order at
least three. Thus the assumption that b = p is false.

Case 2. Suppose b # p. Then b precedes p on A; that is, b is between a and p.
If be N, then b is of order two. Otherwise, there exists a sequence {y;} of points
on A such that (1) y; — b with y; between a and b and (2) y; separates a from p
in U. By an argument similar to that in Case 1, b also separates a from p in U.
Thus b must be a local cut point of M and therefore must be of order two. Let O
be a small regular neighborhood of b, missing p, and such that one of the two
boundary points of O, say r, is on 4 between b and p, and the other is on 4 between
a and b.

We show that r also separates a from p in U. Let D be the component of
(U — b) which contains a. Then D is open in U. Therefore D U O is open in U,
contains a, misses p, and has r as its only boundary point. Thus {r separates
a from p in U.

But this contradicts the fact that b was the lub of N. Thus the assumption that
b # p is false.

Therefore we see that b = p and b # p each lead to a contradiction. Thus our
very first assumption that there is a point of order at least.three in M must be false.
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Thus every point of M is of order at most two. The points of B are of order two.
Therefore M is a curve of the second order(*®), and it follows that M is an arc or a
simple closed curve [5, p. 267].

THEOREM 4.1. Let M be a regular curve with a dense set of local cut points
of order > 2. Then G(M) is 0-dimensional.

Proof. It is sufficient to show that for each ¢ > 0, there is an open and closed
set H of diameter < 4¢ which contains the identity.

Let ¢ > 0, and let B be the set of local cut points of order > 2 of M. We know
that B is countable and dense and therefore an order basis for M [5, pp. 164, 278].
By Lemma 4.1, there exists a cover # of M which is a regular e-cover with respect to B.

Let B’ = {be B: there exist i, j, i # j, with b a point of W; N W, W, Wye #}.
Since M is locally connected, and B’ is a finite set, we can find about each be B’ a
locally connected neighborhood N, such that the set {N,: be B’} satisfies the
following property: N, N N,, =, if b; # b;. Let S, be a sphere about b (the
set of all points a fixed distance from b) which is contained in N, and which
contains no point of B. We further require that S, be small enough so that it
contains points of each W, which contains b. Such a sphere exists, since B is
countable. Let S = U,,eBr Sy, and let 4; = S N W,. We note that A4; is a closed
subset of W°.

Let H = {he G(M): h(4;) = W;}. 1t is clear that ee H, since e(4;) = 4, W,
We show that H is open, closed, and of diameter < 4e.

We first show that H is open. Let he H. Then h(A;) is a closed subset of
W2 Let § = min,{d(h(4;), complement of W?)}. Since these are disjoint closed sets,
d is positive. Let K be a d-sphere of homeomorphisms about h. We show that
K < H. Let geK. Then d(h(x), g(x)) < 6 for all x, in particular for xe A;.
Therefore g(4;) = W; and it follows that ge H.

We next show that H is closed. Let {h,} be a sequence of homeomorphisms of H
such that {h,} converges to some homeomorphism h. We show that he H. Let
x € A;. Then h,(x)e W, for all n. Since W, is closed, h(x)e W, also. Therefore
h(A,) = W,; that is, he H.

Finally we show that the diameter of H is less than 4e. Clearly ee H. It is suf-
ficient to show that if h e H, d(h, e) < 2e. It then follows by the triangle inequality
that diameter H < 4e. To thisend, let h € H and suppose that x € W;, and h(x)e W,,
where W;, N W,, = ¢. We will show that this is impossible; that is, d(x, (h(x)) < 2e.

Let B" = {b,,---, b,} be the points of Bd W,,; that is, the points of B’ N\ W,,.
Let C; be an arc from some point of 4;, to some point of 4; for i # i,, such that
C; < (S, plus its interior). By Lemma 4.2, such C;’s exist. We note that C; contains
b;. We therefore have afinite collection of pairwise disjoint arcs C,, -+, C, whose
union contains B”. Since each of these arcs C; has an endpoint whose image in is

(16) A curve of the nth order is a continuum which contains no points of order > n, but at
least 1 point of order # [5, p. 98].
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W? and an endpoint whose image is not in W,,, and since B” separates W2 from
Cc(W,,), h(C?) must contain at least 1 point of B”. But we have a total of r disjoint
arcs (and therefore their images are disjoint) and these must contain at least r
points of B”. Therefore h(|J7=;CY) contains B".

We will construct arc C’ which misses ‘U'i= LC?, but such that h(C’) must also
contain a point of B”. Let ye W,,. Since M is locally connected, there exists an
arc Cfrom x to y. (Recallthat x € W;,5h(x) e W,,.) Let S’ = [({U;=,S,)NC(W,)].
Since B” separates W,.f from C(W,,), S’ separates W;, from all elements of #” not
meeting W;,. Therefore C must contain a point of S’. Let z be the first point of S’
on C, and let C’' be the subarc of C from x to z. Then C’ (‘\(U'i=1C?) =,
h(z)e W; for some j # i,, and h(x)e W,,. But the last 2 conditions imply that
h(C') must contain some point of B”. However, as noted above, B” < h(U [-.CH
and C' N U{= . C? =, and therefore h(C')N h(Ui’= \CY =. This is a con-
tradiction.

THEOREM 4.2. The group of homeomorphisms of a regular curve M is either
0- or co-dimensional. It is co-dimensional if M contains a free arc. It is 0-
dimensional otherwise.

Proof. If M contains a free arc A4, let H be the set of homeomorphisms of M
onto itself, supported on 4. Then H can be identified with the group of home-
omorphisms of an arc keeping the endpoints fixed. But this is co-dimensional.
(See Theorem 1.1.)

If M does not contain a free arc, we show that M must contain a dense set of
local cut points of order > 2, and therefore by Theorem 4.1, G(M) is 0-dimens-
ional. We do this by proving the contrapositive.

Suppose M does not contain a dense set of local cut points of order > 2. Then
there exists a connected, open set U = M such that U contains no local cut point
of M of order > 2, and such that Bd U is a finite set of local cut points of M.
(We choose U so that Bd U is contained in some order basis.) By Lemma 4.3, Uisa
regular curve containing no local cut points of order > 2. By Lemma 4.4, U is an
arc or a simple closed curve. It follows that M contains a free arc.

Thus we have shown that if M does not contain a free arc, it contains a dense
set of local cut points of order > 2, and thus G(M) is 0-dimensional.

THEOREM 4.3. There exist rational curves whose full groups of homeomor-
phisms are exactly 1-dimensional.

Discussion of proof. We will construct such continua in more detail in §5.
The properties of their groups of homeomorphisms will be proved directly, or
will be similar to, or follow from, other theorems in that section. Briefly, the
continua are constructed by use of a sequence of dendrons {D,} converging to a
limit arc D, in such a way that exactly 1 endpoint of each D; meets the left-hand
endpoint of D, and exactly 1 other endpoint of each D; meets the right-hand
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endpoint of D. This is constructed carefully so that each D; admits only countably
many homeomorphisms onto itself, and any homeomorphism of such a continu-
um onto itself, when restricted to the limit arc D, is just a ‘‘translation’” of D
onto itself.

THEOREM 4.4. For each positive integer n, there exist rational curves, R,
whose full groups of homeomorphisms, G,, are at least one and at most n-dimen-
sional. In fact, G, is homeomorphic to the product of n 1-dimensional sets.

Discussion of proof. We construct these continua in detail in §5 also. They
are obtained by taking the union, M, of n different continua, M;, constructed
for Theorem 4.3, in such a way that the ith and (i + 1)th meet only at an endpoint
of their limit arcs. Then the group of homeomorphisms of M is just the product
of the groups of homeomorphisms of the M,’s.

REMARK: If a 1-dimensional continuum is not a rational curve, then its group
of homeomorphisms may be 0-dimensional, as for example in [8] or it may be at
least 1-dimensional, as in the case of the universal plane curve and the universal
curve. Certainly it may be infinite dimensional; simply attach a free arc to a point
of the outer boundary of a universal plane curve.

QuesTiON 1. Do there exist 1-dimensional nonrational curves whose groups of
homeomorphisms are of finite positive dimension?

QUESTION 2. Do there exist one-dimensional, locally connected continua whose
groups of homeomorphisms are of finite positive dimension?

5. Continua with finite, positive dimensional groups of homeomorphisms. In this
section we will construct continua such that the groups of all homeomorphisms
of these continua are exactly 1-dimensional. We then modify these continua by
taking, in some cases unions, in other cases sets which are like unions, of these
continua, and thus obtain continua, M,, such that 1 <dimG(M,) < n, and
G(M,) is the product of n 1-dimensional sets. We also show that these continua
may be rational curves.

Our method of procedure is the following. We will first construct an auxiliary
space—a compact set, K, such that G(K) is exactly 1-dimensional. We then
“extend” K to a continuum, M, such that G(M) is both topologically and al-
gebraically the same as G(K). Thus M is a continuum such that G(M) is exactly
1-dimensional.

Construction of certain dendrons. It is well known that there exist dendrons
which admit no homeomorphisms onto themselves other than the identity. Any
dendron which is constructed so that it contains a dense set of branch points,
no two of which have the same order, is such an example.

We show that there are uncountably many such dendrons. Let f be a function
from the set of natural numbers greater than or equal to 3 to the set {0,1}. Let
D, be a dendron which includes exactly 1 cut point of order n iff f(n) = 1. Since
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there are uncountably many such functions, there are uncountably many such
dendrons.

Construction of the continua K, . It is easy to show, using the dendrons of the
previous section, that for each positive integer n, there is a continuum, (in fact,
a regular curve('”), K,, such that G(K,) is cyclic of order n('®). We construct
these continua for use in the next construction.

Let C be a circle of radius r about the origin in E?, and consider the set of
points of C with polar coordinates (r,2rnk/n), for each integer k, 0 < k<n. These
will be called the “‘vertices’” of K,. Let D be a dendron admitting exactly one
homeomorphism such that

(1) the branch points of D form a dense set of points, no two of which have
the same order,

(2) D lies in a neighborhood of the arc 4 of C from (r,0) to (r,27/n) and
contains this arc, 4,

(3) the endpoints of A4 are endpoints of D,

(4) if P is a point of D, other than the endpoints of 4, and the polar coor-
dinates of P are (r,0), then 0 < 6 < 2% /n. Let r, be the counterclockwise, period
n rotation, about the origin, of E? onto itself. We note that [r,(D)] N D = (r, 2x/n).
We define K, as follows: Let K, =|J7Zori(D).

Clearly, G(K,) contains a cyclic group of order n. Furthermore these ‘‘ro-
tations’’ are the only homeomorphisms of K, onto itself.

THEOREM (SEE THEOREM 2.3 AND 2.6). There exists a compact set K such that
G(K) is exactly 1-dimensional.

Construction of K. Let C, be a circle of radius 1 — 1 /n about the origin in E2.
Then C, — T, where T is the unit circle about the origin. We construct, in a small
neighborhood of each C,, a regular curve, K,, as constructed above, so that
K,NK, = ¢, for n# m. Since, for our construction, K,, > C,,, for all m, in
particular for m>n, K, N T=¢. Let K =(| J,K,) U T. Then K is the desired set.

To show this, we first prove some lemmas.

DErINITION 5.1. The set

v, = {(1 -4 2_”’_‘):0§k<n}
n’ n
will be called the set of vertices of K,,. Let V= U,, V,. Then Vis called the set

of vertices of K.

LeEMMA 5.1. Let h be a homeomorphism of K onto itself such that, for some
point xq in T, h(xy) = xo. Then h| T is the identity.

(17) See §4 for definition.
(18) J. de Groot in [8] and [9] has constructed continua with these properties, but from
a somewhat different point of view.
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Proof. Let {v;}, v;eV;, be a sequence of vertices of K converging to x,.
Then h(v;) - x, also. Since h | K; is a rotation, it follows that {th,} converges
to a rotation of T, which must be the O-rotation (since h(xy)=x,); that is, h| T
must be the identity.

DEFINITION 5.2. Let r be a rotation of Tonto itself. An extension hof r, h: K-» K
is called a *-extension if d(h,e) = d(r,e | T).

LEMMA 5.2. Let r be a rotation of T onto itself with r <n. Then there
exists a *-extension h of r.

Proof. Let r, be the counterclockwise period n rotation about the origin
in E2. For each positive integer n, let k, be the largest nonnegative integer less
than n, for which r¥" is a rotation which is less than or equal to r. Let h: K » K
be defined by h|K,=ri"/K,; h|T=r. Then h is a *-extension of r.

LEMMA 5.3. Let h be a homeomorphism of K onto itself. Then h|T is a
rotation.

Proof. Suppose h | T is not a rotation. Let x,e T such that h(x,) # x,, and
let r < n be a (possibly clockwise) rotation of Tonto itself such that r(x,)=h=1(x,).
By Lemma 5.2, there exists an extension r’, of r, to K. Let g =hr'. Then
8(xo) = Xo, for g(xo) = h(r'xe) = h(r'(x,)) = h(h™'(x,)) = x,. However, by
Lemma 5.1, g| T must be the identity; that is, h|T =r"1, and therefore h|T
is a rotation. This is a contradiction.

LemmAa 54. G(K) is complete.

Proof. Let {h;} be a Cauchy sequence of homeomorphisms on K. Since K
is compact, {h;} converges to a limit map, k. Since K, admits only finitely many
homeomorphisms, there exists an integer, I,,, such that for i,j > I, h;| K, = hj|K,.
Therefore, for each n, h I K, is a homeomorphism, and thus h is 1-1 off T. Now,
by Lemma 5.3, h,| T is a rotation for each n. Since {h,} is Cauchy, we have a
Cauchy sequence of rotations on T, and this must converge to a rotation. There-
fore his 1-1 on T. Since h is 1-1, and K is compact, it follows that h is a homeo-
morphism.

LEMMA 5.5. Let W= {he G(K): h|T is the identity}. Let h, be any homeo-
morphism in G(K) such that h0| T#e|T, and let W = {heG(K):h| T=h0| T}.
Then W and W' are homeomorphic.

Proof. Define a function, ¢, on W, by ¢(h) = hhy. The proof that ¢ is a
homeomorphism is fairly standard.

LeMMA 5.6. For eache >0, there existsa 6,0 < d < ¢, such that if he G(K)
for which d(h,e) = &, then the only points of K which move a distance § under
h are the points of T.
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Proof. We first observe that since there are only a finite number of homeo-
morphisms on each K,,,{h|K,,:heG(K)} is finite; therefore there are only a
finite number of distances between h|K,,e|K,. It follows that

D={d:d=d(h|K,,e|K,) for some n}

is countable. Let 6 <&, ¢ D, and let h e G(K) for which d(h,e) =6. By Lemma
5.2, we know such an h exists.

We show that the only points of K which move a distance  under h are the
points of T. Since d(h,e) = §, no point moves more than a distance 6 away from
itself. Further, no point of any K, can move a distance 6 away from itself, for
then d(h|K,,e|K,)2 5. But d(h,e)=0 and 5¢D.

It follows that the only points which move a distance ¢ under h are the points
of T.

THEOREM 5.1. G(K) is at least 1-dimensional.

Proof. Let U be a neighborhood of the identity of diameter < 3/2. We will
obtain a sequence of pairs of homeomorphisms {h;,g;} such that
h;eU, g;e C(U), d(h;,g) <m/2’~*, and h;—>h, a homeomorphism in G(K).
Then heBdU.

In the following, r; denotes a rotation of n /27 radians on T. Let k, be the
smallest nonnegative integer such that r%' has a *-extension h,e U, but for
which any *-extension of r¥'*'e C(U). Let ¥, be a *-extension of r,, and let
g, =Y,h,. We note that g, is a *-extension of rf***, Then h, e U, g, € C(U),
and d(hy,g)<m.

We proceed by induction. Assume that we have h;_,,g;—; such that
hj—,€U, g;-1€CU), gj-1 =V¥;_1h;_, where };_; is a *-extension of r;_,,
and yh;_, € C(U) for any *-extension y of r;_ . Let k; be the smallest nonnegative
integer for which there exists a *-extension ¢;_; of r?f such that ¢;_,h;_, €U,
but any *-extension ¢ of ri'*'e C(U). Let h;=¢;_,h;_,, and let g; =y ;h;
where V; is a *-extension of r;.

We now have a sequence of pairs of homeomorphisms {h;,g;} such that
d(h;_,h;) < n2/"%. Therefore {h;} is Cauchy, and by Lemma 5.4, h;—h,
where h is a homeomorphism of K onto itself. Since d(h;,g;) < n/2'"1, and
n/2° >0, g; > h also. Therefore heBdU. It follows that G(K) is at least
1-dimensional.

LEMMA 5.7. Let ¢ be a number such that 0 <e<1 and d(h | K,,,el K,) # ¢,
for all h,n. Let G, = {he G(K):d(h,e) = ¢}. Then G, is 0-dimensional.

Proof. By Lemma 5.6, the hypothesis can be satisfied; it also follows that
G, is a subset of the set of homeomorphisms, G, which are extensions of a ro-
tation T which moves points of T a distance ¢. By Lemma 5.5, G} is homeo-
morphic to W= {he G(K):h|T is the identity}.
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We show that Wis 0-dimensional. It is sufficient to show that Wis 0-dimensional
at the identity, e. To this end, let {¢;} be a sequence of positive numbers,
g;—0, such that if heG(K), then d(h|K,, e|K,) #¢;, for all i,n. Let
S, ={heW:d(h,e)<¢}. BdS,, is a subset of H={he W: d(h,e) =¢}. But
H = ¢, since the only homeomorphisms which are a distance ¢; from e, must
move points on T, but H is a set of extensions of the identity on T. Therefore
Bd S, = ¢. Thus we have a sequence of spheres about e, converging to e, and
whose boundaries are empty. It follows that W, and therefore G,, is 0-dimensional.

THEOREM 5.2. G(K) is at most 1-dimensional.

Proof. Let {¢;} be a sequence of positive numbers such that ¢— 0 and
d(hIK,,,eIK,,);éai, for all n,i. Let S, ={heG(K):d(h,e)<¢}. Then
BdS, c G, ={heG(K):d(h,e)=¢}. By Lemma 5.7, G, is O-dimensional.
Therefore Bd S, is 0-dimensional. It follows that G(K) is at most 1-dimensional
at the identity. Therefore G(K) is at most 1-dimensional.

THEOREM 5.3. G(K) is exactly 1-dimensional.

Proof. By Theorem 5.1, dimG(K) = 1, and by Theorem 5.2, dimG(K) < 1.
Therefore dimG(K) =1.

REMARK 1. Since there are uncountably many different dendrons which
could have been used in the construction, there are uncountably many such
compact spaces.

REMARK 2. By using continua K,., we obtain a set K for which rotations
of period p” on T can be extended to rotations of period p" on K. However, if
we use continua K, , where the sequence {«,} includes an infinite sequence of
relatively prime integers, then no rotation of T of any finite positive period can
be extended to a homeomorphism of K of that period.

THEOREM 5.4. G(K) is totally disconnected.

Proof('°). We show that any pair of homeomorphisms of G(K) can be sep-
arated. Let g,,g2,€G(K), g, # g,. Then there exists an integer n > 0, such
that g, | K, # g, | K,. Let A= {he G(K):h| K, = g,|K,}, and let B = G(K) — 4.
Then g, €A, g,€B, and AU B = G(K). Let hy be any element of 4, and let
go be any element of B. Then h, and g, differ on K, and therefore must be a
positive distance apart — at least d(eIK,,,r,,lK,,) where r, is the rotation of
2zn/n radians on K,,. Therefore A and B are mutually separate, and G(K) is totally
disconnected.

THEOREM 5.5. G(K) is abelian.

(19) This proof is similar to the proof of Theorem 1.2, suggested by R. D. Anderson to show
that the group of homeomorphisms of the universal plane curve is totally disconnected.
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Proof. Let h,ge G(K). Since K, goes onto itself under any homeomorphisr..
in G(K), and h and g commute on K,, as well as on T, it follows that hg = gh.

Thus G(K) is abelian.

Thus we have completed construction of the auxiliary space K. Our next ob-
jective is to construct a continuum M such that G(M) is topologically and alge-
braically the same as G(K).

Construction of M. We will ““extend’’ the set K. We first modify the set K
in the following way: Let C = T x [0,1] in E3, where T< xy-plane and [0,1]
is on the z-axis. Now consider the vertical unit interval in E* above the point
in E?, the z = 0 plane, with polar coordinates (1 — 1/n,0). Put a dendron D,,
with a dense set of branch points of different orders greater than 3, in a small
neighborhood of this interval in such a way that

(1) D, contains this interval,

() D,NE? is an endpoint of D,,

(3) D, intersects the plane z =1 in an endpoint of D,,

4) D,NriD,) =, where r, is the period n positive rotation about the
z-axis in E*, and 1<i<n,

5) ri(D)NriD,) =, for n#m, and all i, j such that 0<i<n and
0<j<m, and

6) D,NnC=d, for all n.

Let K, =K, V| JiZ5riD,). Let M’ = (| J,K;) U C. Let h be a level preserving
map of E3 onto itself, which is

(1) the identity on EZ,

(2) a homeomorphism on each level other than z =1, and

(3) carries the unit disk of the plane z =1 to the point (0,0,1).

Let M =h(M'). Then M is a continuum with the desired properties.

THEOREM 5.6. There exists a continuum M such that G(M) is totally dis-
connected, abelian, and exactly 1-dimensional.

Proof. Clearly the continuum M constructed above is a continuum in which
every homeomorphism g of K onto itself can be extended to a homeomorphism
h of M onto itself. Further, this extension is unique, and if g;— g, then the ex-
tensions h; of g; converge to the extension h of g. Therefore G(K) and G(M)
are topologically the same.

It is also clear from the construction that they are algebraically the same.

Thus it follows from Theorems 5.3, 5.4, and 5.5 that G(M) is totally disconnected,
abelian, and exactly 1-dimensional.

The next portion of this section is devoted to generalizing the results of Theo-
rem 5.6 above. We wish to construct continua M, such that G(M,) is homeo-
morphic to a product of n 1-dimensional groups. Again we begin by making
some auxiliary constructions.
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Construction of the continua P, , . . For each positive integer n, and each
n relatively prime integers py,--:,p,, DP;>2, We construct a continuum

P, p,...p. Such that G(P,, . .) is the product of n cyclic groups of orders
20
).

D1, > P, Tespectively(

Let T, be the n-dimensional torus, thought of as the product of n circles,
Cy,-,C,; that is, T,= []i-; C;. Let r; be a rotation of order p; on C;, and
let h(r't, r’,--,r'") be a homeomorphism of T, onto itself which is the product
of the rotations 7;/on C;. Then H, = {h(r/} r;*,---,r"):0=<i;<p;} is a set of
homeomorphisms of 7T, onto itself which is the product of n cyclic groups, G;,
of order p;. We assume that we have a “‘rectangular’’ grid of T, in such a way
that if R is any fixed n-rectangle, then U{h(R):heH,,} is T,.

Now let D, be a dendron with a dense set of branch points of different orders
constructed in a neighborhood of a 1-simplex of the 1-dimensional skeleton of
the rectangular grid, in such a way that h,;(D;) N h,(D,) is either empty or a
single point, if hy, hye H,, hy #h,. Let Py , = |J{h(D,):heH,}.

Let A, be a l-simplex in the 1-dimensional skeleton of the rectangular grid
such that (1) 4, N 4, is a single point and (2) A, N P,},‘ p,ooop. CODSists of the two
endpoints of 4,. Let D, be a dendron with a dense set of branch points of dif-
ferent orders, D, not homeomorphic to D,, and constructed in a neighborhood
of A, in such a way that '

(1) D, r'\P,},p”_.’p" consists of the two endpoints of 4,, and

(2) hy(D,) N hy(D,) is either empty or a single point, if h,,h, € H,, h; # h,.

Let Pnz,pl,...,p,. be Pn}p‘,...,p., v U{h(DZ):h EHu} .

We continue the above process inductively, each time choosing the arc A;
so that A; N A, is the same endpoint of A,. After n stages, we obtain the con-
tinuum, Pj

Let Pypyipn

paragraph.

SP1seesyp..

= p"

L3 5 WITTH

.- Then P

.p1.....p, Satisfies the conditions of the first

THEOREM 5.7. For each positive integer n, there exists a compact set Q,
such that G(Q,) is homeomorphic to the product of n 1-dimensional groups,and
thus 1 £dimG(Q,)<n.

Outline of the construction of Q,. Let {py ;}, {p2,},"»{Pa,} be n increasing
sequences of positive integers such that lim,_, ,, p; ; = o, and such that, for each
i, each pair p, ;and p, , are relatively prime. Let P,,’p;!,_",pf be a continuum as
constructed above, with p{ = P, ;. Let {P,,/ s} be a “towered” sequence of
these sets converging (from the interior) to a limit n-torus, 7,. Then
Q,= (U j{P,,,p;’,.,.,,,f} UT,) is the compact set of the theorem, since G(Q,) will
just be the product of n 1-dimensional groups, each of which is obtained by con-
sidering the homeomorphisms which move points in ‘‘one direction’’ only. The
proof is like that of Theorem 5.3.

(29) See footnote 18.
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Note. By a “‘towered’” sequence of sets {S;}, we mean that there exists a
sequence of tori {T;} such that S;< T; and T; is a subset of the “interior’” of
T;,, — i.e. the bounded complementary domain of T;,,.

THEOREM 5.8. For each positive integer n, there exists a continuum M,
such that G(M,) is homeomorphic to the product of n 1-dimensional groups,
and thus 1 =dimGM,)<n.

Outline of construction of M,. The compact set Q, is a subset of
E"*!'. We think of the join of the limit torus T, and the set of ‘‘vertices’> V of
Q, with a point g in (E"*% —the E"*' hyperplane containing Q,), and con-
struct, in a neighborhood of each arc from g to a vertex of Q,, a dendron (con-
taining this arc) with a dense set of branch points of different orders, much like
we did for the continuum M of Theorem 5.6, which had a 1-dimensional group.
Then G(M,) is the same as G(Q,).

Our final objective of this section is to show, as promised in §4, that there are
rational curves with 1-dimensional groups of homeomorphisms. Once again,
we begin with some auxiliary constructions.

Outline of the construction of the continuum Q. We construct a continuum,
Q, such that the group of all homeomorphisms of Q is infinite cyclic(?!). Con-
sider the interval I = [—1,1] on the x-axis in E? and the partition, 4, of I into
an infinite number of subintervals by means of the points 1 — 1 /nand —1 + 1/n,
n>1,on I. Let D be a dendron with a dense set of branch points of different
orders, with D constructed in a neighborhood of [ —4,4] , containing this inter-
val, and not meeting [—1,1] elsewhere. We also require that D meet each of
the lines x = —% and x =}, in exactly one point, an endpoint of D, and that
the points of D lie in the set of points of E? such that —} < x <%.

Let h be any homeomorphism of I x [—1,4] onto itself carrying each of
the subintervals of I, determined by A4, onto the next subinterval, and carrying
vertical lines onto vertical lines. Let

o= Un.

i==—o

Clearly, G(Q) is infinite cyclic.

THEOREM 5.9. There exists a rational curve R such that G(R) is exactly
1-dimensional.

Outline of construction of R (and proof). Let {d, ;}, {d,;},--,{d, },"** be an
infinite sequence of increasing sequences of integers > 2, such that d; ; #d, ,
whenever i # k.

Let I; be the interval from (—1,1/j) to (1,1/j) in E?. Then I;>1 =[~-1,1]
on the x-axis.

(21) See footnote 18.
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Let A4;; be the infinite partition of I; determined by the vertical lines
x=—1+1/nand x=1—1/n, for all n > 1, as in the construction of Q above.
We refine 4; ; to obtain a partition, 4; ,, by subdividing into halves each inter-
val of I; determined by A4; ;. We continue inductively, until we obtain the par-
tition 4; ;.

Construct a continuum Q;, on I;, as in the construction of Q above, by using
a dendron D; whose branch points are of orders d; ; of the sequence {d; ;} above,
and by using the partition 4; ; for I;. We further require that Q; N Q; = ¢ for
i#j.

Let R’ =J,0;VI.

Let h be a map of E? onto itself carrying the vertical lines x = a, for each
real number «, onto themselves, so that h is a homeomorphism everywhere,
except that h([a,b]) = (—1,0) and h([c,d]) = (1,0), where [a,b] is the vertical
interval from (—1,0) to (—1,1), and [¢,d] is the vertical interval from (1,0) to
(1,1).

Let R = h(R’). Then clearly R is a rational curve. The proof that G(R) is 1-di-
mensional is similar to the proof that G(M) (of Theorem 5.6) is 1-dimensional.

REMARK. We make the observation that if the partitions of the I,’s are chosen
arbitrarily with only the provision that the mesh of the infinite partitions has
limit 0, it is possible to obtain a rational curve such that no homeomorphism
of the limit arc onto itself, except the identity, can be extended, and therefore
G(R) would be 0-dimensional.

COROLLARY 5.9.1. For each positive integer n, there exists a rational curve
R,, such that G(R,) is homeomorphic to the product of n 1-dimensional groups,
and thus 1 £dimG(R,) £ n.

Outline of construction and proof. Let R, be the union of n different (that is,
nonhomeomorphic) continua, R;, constructed like the continuum R above,
R; meeting R}, at the right- and left-hand endpoints of their limit arcs respect-
ively, 1=i<n. Then any homeomorphism of R, onto itself carries each)
R/ onto itself, and the homeomorphisms on the different R}’s are independent
of each other. Therefore G(R,) is the same as []i-; G(R/). Since each G(R})
is exactly 1-dimensional, and since the product of n 1-dimensional sets is at most
n-dimensional, 1 <dimG(R,) < n.

REMARK. We make the following observations (without proof) about the
continua M, and their groups of homeomorphisms:

(1) There are uncountably many such continua.

(2) Every homeomorphism, r, which is a product of rotations on the limit
torus T,,, can be extended to a homeomorphism, h, of M,, onto itself, such that
d(r,e| T,) = d(h,e).

(3) If heG(M,), then h | T, is a product of rotations.
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(4) Let r be a product of rotations on T,, let A={he G(M,): hl T,=r}, and
let B={heG(M,): th,, is the identity}. Then 4 and B are homeomorphic.

(5) Let x,eT,, and let ¢:G(M,)—» T, be defined by ¢(g) = g(x,). Then
¢ is a continuous, open, homomorphism of G(M,) onto the n-dimensional torus.

QuesTions. In view of the theorems of this section, and the statements above,
we raise the following questions:

(1) Is dim G(M,) =n?

(2) Is dimG(R,) =n? (R, is the curve of Corollary 5.9.1).

REMARK. We note that if the answer to Question (1) is ‘““no’’, then we have
examples of continuous, open, dimension-raising homomorphisms from the
groups of homeomorphisms of continua onto compact groups.
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